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Notes 
A Conjugacy Theorem fat- E, 
This note is the outgrowth of work which led to the construction of a simple 
group of order 215 . 31° * 53 * 72 . 13 . 19 * 31, whose existence was predicted 
by B. Fischer. 
Let 8 be a simple Lie algebra/@ of type E, . The Lie product of x and y 
will be wriaen x - y. 
DEFINITION. A DempwolSf decomposition of 9’ is a family F of Cartan 
subalgebras of Y such that 
(a) JZ’ = LZF 0 F, 
(b) X8’, , Pz are distinct members of 9, thenF, -112 E S. 
A word of explanation is in order. If B is a Cartan subalgebra of 9, we let 
L(S) ={izfdjr(h)EZforall roots Y}. Now, if S is a Dempwolff decom- 
position of 9, set L(P) = CFEY L(F). The restriction of the Killing form 
for 9 toL(9) is positive definite, and as a lattice, L(S) is the orthogonal sum 
of the L(F), each of which is (to within a scalar factor) the Witt lattice of 
type E, . Furthermore, it is shown elsewhere that L(F) contains a sublattice n 
with the property that the group of all automorphisms of 8 (as Lie algebra) 
that fix /l is a nonsplitting extension of Zs5 by Q2). This is the reason for 
using Dempwolff’s name, for he showed that there is, at most, one such 
nonsplit extension [2]. As it happens, the group of all automorphisms of the 
above lattice (1 is Z2 x E, where E is a simple group whose order is as above. 
Thus, the study of Dempwolff decompositions is indicated. 
Let Es(G) = Aut(9) (the usual notation), and suppose 9 is a Dempwolff 
decomposition of 9. Choose 9’ E 9 and let 
be the corresponding Cartan decomposition. Let ( , ) be the inner product on 
9 given by 
(x, y) = & tr(adx - ady). 
The restriction of this inner product to L(B) converts L(B) to a Witt lattice 
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of type Es (which accounts for the factor l/60), and we label the minimal 
vectors of L(T) by @ in such a way that 
(y, h> = y(h), rE@,hEz. 
We choose an orthonormal basis for %” in such a way that the set VT of fun- 
damental roots is 
Pl = f4 - e8 
Pz = e7 + es 
P3 = e6 - e7 
P4 = e5 - e6 
P5 = e4 - e5 
P6 = e3 - e4 
P, = e2 - e3 
$8 = Lice1 - e2 - e, - e, - e5 - e6 - e, + e8). 
The matrix of inner products is then given by 
O-0 4 I-o-o--o-o- 
7 6 5 4 3 1 8 
We write x = C xie, > 0 if the first nonzero xi is positive, and we number 
the positive roots r(l), r(2),..., in increasing order so that, for example, 
r(43) = p, . 
Set 
Since 3 - d = 0, it follows that 
S”K#f, (1) 
for every subset K of 3, since, in fact, 8 * K C _Ep,. Apply this remark to 
our Dempwolff decomposition and get 
F,*F, #Fz, for all Fl , F, E S. (2) 
For each Y E @, set 
so that 9 = Ys if r + s = 0. For each subset X of 9, let 
CD(X) ={rE@/XgP}. 
NOTES 527 
Since Sp is the set of nonzero roots, we have 
Set 
CD(x) = @(LIZ * X), for all XC Y. 
d(X) = w& I @b(x) n a+ 1 > 
h(X) = mind(Y), 
where Y ranges over all the subsets of X that span Cx. 
Clearly, if h E 6, x E 9, then 
(31 
(4) 
(5) 
and so 
@(h *x) c Q(x), 
h(Z . X) < h(X), for all X C 9. (6) 
Only slightly trickier is 
if h(X) > 1, then h(b * X) < h(X). (71 
To see this, set h = h(X) and choose Y with d(Y) = h, Y spanning CX. 
Let 
Y. = (y E Y / / Q(y) n @J+ j = h). 
Thus, if y0 E Y,, , there are linearly independent rr(y), ra(y) E @ such that 
y $ .5?1, y 6 9+2. Let 
b,(y) = (h E 3 j ri(h) = 0). 
Then, 3, u 3, spans 3, and if h E 6, v ST’,, then 
VY) c WY). 
Since 
spans 3 * Y, which in turn spans 8 . X, (7) follows. 
Next, we argue that 
ifFE9, YE@, (8) 
then F n (Zr + 9-r) is either 0 or is a one-dimensional subspace distinct 
from -E”, . 
Otherwise, .&?r C F, and so B *F n F 3 PT, whence, by (a), 3 .P = F, 
against (2). 
Pick F E S - (?i?‘}, and set 
F, =F, F,,, = Z’*FF,, n = 0, l,..., ‘ 
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By (6) and (7), we can choose n > 1 such that h(F,) 5 1. Let Y, be a basis 
for F, with d( Y,) = 1. Th us, 1 Y, / = 8 = dim(F,) = 1 @(YJ n @+ 1 = 
) @(I;) n @+ j. Now we see that 3, F, F, , F,,, all lie in the 24-dimensional 
space 
z+ c =%, 
TED(F) 
and so by (a), F E {F, , F,,). Hence, we get 
ZZ*(L!T*F) =F, all Fe9 - (ZZ’}. (9) 
Furthermore, this counting of dimensions shows that F and 3’ . F are the 
only members Fl of 9 such that @(F,) = G(F). 
Next, suppose Fl , Fz E 9 7 (Sj, and 
@(F,) n Vi) # 0. 
which is of dimension < 40, whence, Fz E (Fl , B * Fl}. Hence, we have shown 
that 
@ is partitioned by the Q(F), FED- {S’“). (10) 
Next, let 
IP = qs;q ={LlL is a one-dimensional subspace of 
F f~ (3?! + X,) for some F E 9, r E @I. (11) 
Thus, for each r E @, P contains precisely two one-dimensional subspaces of 
-E”, + A??, . By (b), it follows that ifL, , L, E P, then L, . L, = 0, E $, or _C 3. 
Let 9T = Ce, , where {e, j Y E @p> u ( p j p E Z-) is the usual Chevalley basis. 
If ce, + de-, EL E P’, then ce, - de-, E r . L E P. Thus, 
P = U W(eT + t(r) e-,), C(e, - t(r) e+)), 
9-Q” 
where t(r) # 0. Let q E E,(C) be 1 on 53’ and in addition, satisfy 
By the fundamental theorem of Lie algebras, 7 exists. (Take e,p = 
(4 Pi)YZ ’ %lj .) If r, s, Y + s E @, x, y E C, then (e, + xe-,)(e, + e *y-J = 
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Nr,s(ep+s - xye.+J. Hence, replacing F by 9 . ye, we may assume that 
t(r) = 1 for all r E @+. 
For each Y E Cp, let wy, be the element of Es(C) corresponding to the reflection 
w, ofL(Z). Let IV* = (w, / r E dj). Thus, W* acts on P. 
Let @I ,..., Qj,, be the family of sets of the shape a(F), F G 9 - (Zj. Thus, 
each @+ n Cp, consists of 8 pairwise orthogonal roots (orthogonal since 
F,F=O),andifi#j,then 
for some k. It is a straightforward combinatorial argument to verify that W* 
is transitive on the partitions with these properties, which entitles us to assume 
that the partition is the one given in the construction of Dempwolff’s group 
Ill. 
If L E P, let F(L) be the unique member of 9 that contains L. Thus, if 
L., , L, , P, E 5’, L, * L # 0, L, . L # 0, and F(L,) = F(L,), Lhen F(L,L) = 
F(L&). 
For each r E @+, let C(r) = UZ(e, + e-,), S(r) = E(e? f e-,). Thus, if 
FE F - (ZQ, and @(F) n @+ = {sr ,..., ss), then 
F = f L(Q), 
i=l 
where L(Q) E (C(sJ, S(Q)}. Also, 3 + F = C,L’(sJ, with {L(Q), L’(q)) = 
(C(%), SW- 
Let w = {Tj E Es(C) 1 Tj = 1 on %Y and 7” = 1). Then, H acts on P. 
Furthermore, H acts transitively on the set of sequences (L(sJ, L(s,), L(s~), 
L(s4)j, where S, = r(ll), ss = r(16), S, = r(23), s4 = r(44), and L(Q) E (C(Q), 
S(Q)). Thus, we may assume that F(C(11))’ = F(C(16)) = F(C(23)) = 
F(C(44)) (where C(n) = C@(n))). We find the following products: 
-- 
S(l) 
stw 
~(29) 
S(59) 
SW 
SF’) 
%w 
S( 104) 
_- 
fw) 
CUO) 
C(l5) 
~(24) 
C(64) 
0 
0 
C(77) 
C(99) 
‘716) 
w51 
ctw 
0 
0 
C(l9) 
CF39 
C(90) 
C(96) 
c(23) 
0 
0 
cw 
C(45) 
CGW 
C(46) 
C(96) 
C(9Oj 
CW) 
C(43) 
C(56) 
C(64) 
c(24) 
C(46) 
CGW 
0 
0. 
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This table yields the following relations: 
F(C(l0)) = F(C(15)) = F(C(43)) = F(C(56)), 
F(C(24)) = F(C(12)) = F(C(64)) = F(C(45)), 
F(C(19)) = F(C(26)) = F(C(46)) = P(C(68)), 
F(C(77)) = F(C(90)) = F(C(96)) = F(C(99)). 
We have the following products: 
1 C(10) C(15) C(43) C(56) 
S(l) 1 C(ll) CC161 CM4 C(55) 
~(24) w4 C(64) C(45) 
~(29) C(l1) C(23) w4 C(65) 
C(19) W6) C(46) C (68) 
S(5) CW) C(23) WV C(70) 
C(77) C(90) C(96) C(99) 
SW) CW) W9 ~(23) C(120). 
These relations, together with the previous ones, yield 
C(11) + C(16) + C(23) + C(44) + C(55) + C(65) + C(70) + C(120) E 9, 
and it is easy to check that LF is the decomposition given in [l]. This com- 
pletes the proof of the 
THEOREM. E8(C) is transitive ofi Dempwolff decompositions. 
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